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ABSTRACT. This paper shows a comparison based on dynamic behaviour of a rotating shaft when it is suspended by 4-axis 
active magnetic bearings under several control systems. The control systems used are µ-synthesis, loop shaping design 
procedure and Sub(H∞) robust control with the introduction of uncertainties on position and current gains of the actuators. 
Each of these controllers is characterized by four input signals and four output signals and the introduction of uncertainties 
on displacement gain and current gain is due to torn and worn of the components during the time, which can lead the entire 
system to instability phenomena. The comparison of the performances is obtained through the introduction of same weighting 
function for all three control systems. All simulations and results are performed by MATLab.   
KEYWORDS. Rigid rotor, active magnetic bearing, robust control. 
 
NOMENCLATURE 
Symbol Description 
Ω  Angular speed of shaft 
( )g tq  Vector of center of mass displacements 
( )b tq  Vector of bearing section displacements 
( )sensor tq  Vector of displacement captured by sensors 
magΘB  
Transformation matrix of magnetic bearing 
force in the same direction of gx  and gy  
magB  
Transformation coordinates matrix of magnetic 
bearing force on center of mass of rotor 
dispΘB  
Transformation matrix of magnetic bearing 
force in the same direction of gx  and gy  
sensorB  
Transformation coordinates of displacements of 
sensor and center of mass of shaft 
α  Slope of magnets 
SK
P  Maximum percentage of SK uncertainty 
IK
P  Maximum percentage of IK uncertainty 
SK
∆  Range of SK  uncertainty 
IK
∆  Range of IK uncertainty 
M  Mass matrix of the shaft 
G  Gyroscopic matrix of the shaft 
Mb Mass matrix after the transformation 
coordinates 
Gb Gyroscopic matrix after the transformation 
coordinate 
SK  Matrix of displacement gain 
IK  Matrix of current gain 
I Identity matrix 
( )c ti  Vector of control current 
σ  Structured singular value 
1. INTRODUCTION 
Active Magnetic Bearing (AMB) uses electromagnets to 
attract the ferromagnetic cape winding of the rotor which is 
free to rotate without physical contact with the bearing. 
(Schweitzer et al., 2009; Genta, 2005; Barbaraci et al., 200, 
2010). This operation, called active magnetic levitation, is 
unstable unless of a certain control’s algorithm performed 
respecting the imposed constraining. In order to achieve a 
stable levitation, an active feedback control of the current in 
the magnetic coils is necessary. As it might be expected, a 
variety of control schemes are used and a variety of studies 
have been done for AMB control. The dynamic system 
however depends above all on the rotor’s angular speed 
because of the gyroscopic effect, as for any rotating 
dynamic system. The gyroscopic effect leads the system to 
instability phenomena which must be considered in order to 
achieve stable levitation. The rotor motion is characterized 
by translation along x-y directions and rotation of rotor 
around those axes. Moreover the transformation coordinates 
allows relating the displacements captured by the sensors 
and the displacements of the section located on the middle 
plane of the bearings. Without a suitable control system the 
magnetic levitation is not possible. During last twenty years 
a number of control systems are applied on magnetic 
levitation in order to provide enough acknowledge about 
the capability of rotor to maintain the contactless with the 
stator. Obviously there are many control systems which are 
not able to maintain the operating point position without a 
further algorithm such as the integrator of a PID controller, 
some other control system need the entire state vector to 
create the feedback such as the optimal control 
characterized by a matrix which number of columns is 
equal to the dimension of state vector. The cutting edge of 
control systems is represented by µ-synthesis, loop shaping 
design procedure and H-infinity robust control, this last 
with its variant sub(H)∞. The reason is not only about the 
recovering of operating point position without integrator 
but also the possibility to avoid the use of some sensors to 
capture further components belonging to the state vector, a 
problem that usually is solved by the introduction of a 
linear observer. In case of dynamic perturbations, the use of 
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robust control has the advantage to neglect: the non-
linearity, the effects of reduced-order models, the change of 
system parameters due to environmental changes, 
hysteresis, torn and worn factors. Moreover it is used also 
in case of a sensor and actuator noise problem. An 
application of µ-synthesis controller was for the Army's 
weapon system. The test fixture is patterned after the 
Apache helicopter's 30 mm gun (Bugajski et al., 1993) and 
has tuneable nonlinearities which may be representative not 
only of the nonlinearities of the gun, but of other 
mechanical systems as well. The models of the test fixture 
that were available at the time of the work are also 
described. The goal in pointing the gun is to reduce 
dispersions of fired gun rounds on targets. The resulting µ-
synthesis design, when connected with nonlinear 
simulation, exhibited limit-cycle behaviour of unacceptable 
amplitude. Due to high surface speed and active control 
capabilities, active magnetic bearings hold great promise 
for high speed machining spindles. The control problem 
given  by this application is examined and the development 
of an advanced prototype is reviewed (Sawicki et al., 2007). 
A µ-synthesis framework is proposed for this problem and 
it is shown that the minimization of the susceptibility to 
machining chatter may be easily put into this framework. In 
addition to handling uncertainties in sensor and actuator 
components, this formulation may also include an 
uncertainty representing the range of cutting tools for the 
spindle (Knospe and Fittro, 1997). The proposed control 
algorithms are developed using µ-analysis to obtain robust 
stability and robust performance in the simulation; three 
different active control algorithms are used. A similar 
approach is applied where a comparison between three 
different controllers is performed in order to analyze the 
differences on the dynamic behaviour (Wu and Lin, 2005). 
Many other applications of robust control are performed 
through loop-shaping design procedure such were an H∞ 
controller is performed by evolution optimization to control 
a robot arm. The loop shaping method is commonly used 
also to obtain the conditions of robust stability and robust 
performance. This technique is a particular optimization 
problem to guarantee closed loop stability at all frequencies 
(Kaitwanidvilai and Parnichkun, 2003).  
Aim of the present study is to identify which type of 
control, among those taken into consideration, is best 
placed to achieve magnetic levitation for a rigid rotor and 
achieve both robust control and robust performance, once 
the weighting functions are introduced. 
1.1  State of the Art 
The first experiments on magnetic levitation dates back to 
1937; but already in 1842 Earnshow showed that the 
permanent magnets are unable to achieve stable hovering 
for a body of ferromagnetic material and that the same body 
can achieve stable hovering only if the magnetic field is 
adjusted continuously in time. This can be achieved by 
automatically controlled electromagnets. The magnetic 
levitation vehicle (MAGLEV) built by Japanese companies, 
uses active magnetic levitation on the principle outlined 
above. With a mass of 122,000 kg, the electromagnets 
ensure the contactless allowing the MAGLEV vehicle to 
reach speeds of 622 km/h. The obtained benefits by using 
active magnetic bearings have conducted their applications 
on several areas such as applications in highly restricted 
environment; in fact, magnetic bearings can also be used if 
the introduction of lubricant is prohibited since the forces 
generated may also act through a thin wall that isolates the 
sterile environments from the contaminated ones (Hoshi et 
al., 2006). The major benefit appears to be the high 
accuracy of machining due to the high peripheral speed of 
rotation and high load capacity that the active magnetic 
bearings can achieve. Another important advantage is to 
control and the damping of the vibrations, and to obtain the 
desired dynamic behavior. The active magnetic bearing, 
therefore, represents one of the options to achieve the 
absence of contact and a chance to reach a sufficiently high 
speed of rotation and translation.  
A short history and general discussion of the operation of 
an active magnetic bearing, as well as specific applications 
of active magnetic bearings, are enclosed in the paper of 
Kasarda (2000) in both commercial and research scenarios. 
Although magnetic suspension devices have been used in 
nonrotating scenarios such as magnetically levitated trains, 
only applications associated with rotating equipment are 
addressed. Commercial applications such as large 
turbomachinery (Field and Iannello, 1998) and small-scale 
turbomolecular pumps are discussed. Research applications, 
such as bearingless motors (Chiba et al., 1998), flywheels 
for energy storage [Ahrens et al., 1994), micro-machines 
(Bleuler et al., 1994), and biomedical applications (Allaire 
et al., 1994) are presented.  
2. MATHEMATICAL MODEL 
The particular configuration examined in this work 
considers a rotor with four degree of freedom with eight 
poles for each active magnetic bearing, having a slope of 
45° with regard to horizontal direction so that the force’s 
resultant supports the rotor along the x and y direction 
crossing the centre of mass and rotating around them as 
Fig. 1 shows. 
 
 
 
 
 
 
 
Fig. 1. Schematic view of 4-axis rotating shaft supported by 
two radial active magnetic bearings with sensors. 
The system is subjected to a state of uncertainty about its 
displacement and current gain respectively ( , )( , )x y A Bk  and 
( , )( , )ix iy A Bk  dictated by the parameters ( , )( , ) ( , )( , ),x y A B ix iy A Bk kδ , in 
the range
( , )( , ) ( , )( , ),x y A B ix iy A Bk k
P . The equation of motion is 
referred to the centre of gravity and it has the following 
expression: 
 ( ) ( )
( ) ( )
2
2
( , ),
g g
mag mag c b
d t d t
t t
dtdt
Θ+Ω⋅ =
q q
M G B B f i q  (1) 
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By introducing the following transformation of coordinates: 
( ) ( )
( ) ( )
( ) ( ) ( )
1
,
( , )_
t tb mag gdisp
t tsensor sensor mag bdisp disp
t t tmag to g mag mag c b
 = Θ

−   =   Θ Θ  
 = Θ

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(
2
) 
which considers the relation of the displacements between 
the section relative to bearing location and the sensors, the 
system is analyzed according to the equation of motion: 
 ( ) ( ) ( ) ( )
2
2
( , ),b bb b c b
d t d t
t t
dtdt
+Ω⋅ =
q q
M G f i q
 
(3) 
The introduction of uncertainties on displacement gain and 
on current gain is used. The magnetic force produced by 
active magnetic bearings is linearized by Taylor’s series 
expansion which leads to the expression of the force: 
 ( ) ( )( ) ( ) ( )
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(4) 
3. CONTROLLERS 
In order to provide a stabilizing effect to control the 
position of the rotor, a suitable control system must be 
performed because no magnetic levitation can be stabilized 
without controller (Schweitzer et all, 1994, 2009). In this 
paper three different controller or rather loop shaping 
design, µ-synthesis and Sub(H∞) robust control are 
performed according to the mathematical model (5) with 
the assumption (6); 
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For all kinds of robust control systems performed in this 
paper, a state space equation in a package form is built. The 
package form is characterized by the introduction of all 
inputs in terms of uncertainties, disturbances and control 
signal introduced into plant and all outputs as in (7) : 
 
1 2
1 11 12
2 21 22
,
 
 =  
  
A B B
G C D D
C D D
 (7) 
where all matrices are the same present in the equations (5). 
The entire system (5) is expanded by the introductions of 
weighting functions which define the performances on 
position and force of the actuator and they have the 
expressions (8): 
 ( )
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1
1
,
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−
−
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where ep and eu are the output due to the disturbances d. 
The controller is robust if and only if the transfer function 
in (8) has 1∞ < for all possible uncertain transfer 
matrices ∆ , in order to attenuate the effects of disturbances 
on position p and actuator u respectively. 
The control system structure is a dynamic mathematical 
model having the following expression: 
 ( ) ( ) ( )
( ) ( )
( ) ( )
( ) ( )
sensor
c
t t t
t t
t t
t t
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x Ax Bu
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u q
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&
 (9) 
The way how the controllers are performed is characterized 
by different algorithm. In the case of mu-synthesis the 
algorithm implements the control system by reaching a 
mathematical condition: 
 ( ) ( )1sup inf , 1j
ω
σ ω−
∈∈
  < D D
DF G K D

 
(10) 
In particular once the plant of the system is known, the 
algorithm starts by an iterative calculation with new plant G%  
as (11) once the open loop transfer function of system 
F(G,K) is known: 
 1−  
=   
   
D 0 D 0
G G
0 I 0 I
%
 
(11) 
where D is set as identity matrix for the first step. The 
controller is performed according the expression (12): 
 ( )arg inf ,
∞
=
K
K F G K%  (12) 
so that a new matrix D is performed according the 
expression: 
 ( ) ( ) ( )1arg inf ,j jω σ ω−
∈
 =  D D
D DF G K D
 
(13) 
The iteration must be initialized until the condition 
expressed by (10) is achieved. 
By a different algorithm, the Sub(H∞) is performed where 
the first step is to solve the optimization problem for K0 
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expressed in (14) and computing the µ curve (15), 
corresponding to K0 over a chosen frequency range. The µ 
value must be normalized according to (16) and get the 
minimum phase of that.  
 ( )0 arg inf ,
∞
=
K
K F G K%  (14) 
 ( ) ( )( )0 0,j jµ ω µ ω =  F G K  (15) 
 
0
0
0maxω
µ
µ
µ
=%  (16) 
The control problem is solved by (17) and the iterative 
procedure must be repeated until a desired level of 
performance has been achieved. 
 ( )1 0arg inf ,µ
∞
=
K
K F G K%%  (17) 
Algorithms are quite similar with each other. Totally 
different is the loop shaping design procedure algorithm, in 
fact the controller is performed according to condition (18): 
 
( ) 1min 1γ −
∞
   
= − ≥   
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I G
I GK
K I
 
(18) 
In the expression (9) the iterative calculation is based on 
reaching the K dynamic control system respecting the 
condition on γ value. In all control system, G takes in 
account the plant of the system and the weighting functions 
for required performance. 
Table I: Data for the simulations 
Symbol Description S.I. 
m  Mass of rotor 2.3Kg  
PI  Polar moment of 
inertia 
4 28 10 Kg m−× ⋅  
TI  Transverse 
moment of inertia 
2 26 10 Kg m−× ⋅  
bAl  Distance bearing 
A from centre of 
mass 
0.241m  
bBl  Distance bearing 
B from centre of 
mass  
0.139m  
sAl  Distance sensor 
A from centre of 
mass  
0.241m  
sBl  Distance sensor B 
from centre of 
mass  
0.119m  
α  Slope of bearings 
axis 
45°  
( , )( , ) ( , )( , ),x y A B ix iy A Bk k
P
 
Uncertainties 
percentage   
10%  
( , )( , ) ( , )( , ),x y A B ix iy A Bk k
δ
 
Range of 
uncertainties 
1,1−    
( , )( , )x y A Bk  Nominal 
displacement gain 
144000 /N m  
( , )( , )ix iy A Bk  Nominal 
current gain 
38 /N A  
4. SIMULATIONS 
The simulations are performed by considering the data 
contained in the table 1. Another set of data is referred to 
the transfer functions introduced in the plant of our system. 
These transfer functions are essential if a certain 
performance must be obtained; these performances are 
usually referred in the frequency domain.  
 
 
 
 
 
 
 
 
 
Fig. 2. Sensitivity functions describing how the disturbance 
affects the displacement with LSDP controller. 
Figures 3 and 4 show that µ-synthesis and Sub(H∞) robust 
control are not able to maintain good rejection of 
disturbances for the entire required range of frequency: 
This work introduces a transfer function in the 
displacement output signal. The introduction of transfer 
function in Laplace domain “s” means that the 
displacement must be characterized by a certain dynamic 
behaviour according to the frequency variable. This 
technique is commonly used when a flexible structure is 
taken into account or when some nodes are subjected to 
vibrations such as in this case.  
 
 
 
 
 
 
 
 
 
Fig. 3. Sensitivity function describing how the disturbance 
affects the displacement with µ-synthesis controller. 
Figures 2, 3 and 4 show the frequency response of 
weighting function to the displacement performances in 
order to analyze the sensitivity function or the disturbances 
can affect the dynamic response of the system. This is made 
for all controlled axis of each radial active magnetic 
bearing. Figure 2 shows the sensitivity function for the loop 
shaping controller design; the system has a good 
attenuation of disturbances until a certain value of 
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frequency at 32 10×  rad/s in dependence on the controlled 
axis: 
 
Fig. 4. Sensitivity function describing how the disturbance 
affects the displacement with Sub(H∞) controller. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. Robust stability described by µ-value with LSDP 
controller. 
Figure 5 shows the robust stability condition for loop 
shaping design procedure: the system has robust stability 
for all value of frequencies (upper and lower bound). The 
loop shaping design shows good performances until 310  
rad/s for upper and lower bound and nominal plant as well 
(Fig. 6). 
Figure 7 shows that robust stability for the µ-synthesis is 
well maintained for all values of frequencies but the same 
thing can not be said about the performances of it, in fact, 
for both nominal and perturbed systems the performances 
are low since µ<1. The same behavior is followed by the 
Sub(H∞) control. 
The simulations are performed at constant value of angular 
speed of 1500 rad/s in order to analyze the differences 
between the three controllers; figures 11 and 12 show 
respectively, the disturbances rejection and tracking of 
references analysis. 
 
Fig.6. Nominal and robust performance function described 
by µ-value with LSDP controller. 
 
Fig.7. Robust stability by µ-value with µ-Synthesis 
Figures 11 and 12 show that the disturbance rejection test is 
performed according to a simulation characterized by a 
range of time of sixty seconds and a disturbance injection 
built as a square wave (black line) with a period of 20s and 
an amplitude of 10-6m. All three implemented controllers 
are capable to support the requirements to reject the 
disturbance but their way of work is different. 
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Fig.  8. Nominal and robust performance function described 
by µ-value with µ-Synthesis. 
 
Fig. 9: Robust stability described by µ-value with Sub(H∞). 
The controllers Sub(H∞) and µ-Synthesis are characterized 
by the same pattern, the same period of oscillation and they 
are perfectly superimposed. Their dynamic behavior is 
typical of damped systems where a certain overshoots value 
is present and different by the successive controller. The 
loop-shaping controller (red line) provides good 
performances for the disturbance rejection due to the short 
period to extinct the transient response and small 
overshoots value if compared with those offered by the 
previous controllers. 
 
Fig. 10: Nominal and robust performance function 
described by µ-value with Sub(H∞). 
 
Fig. 11. Comparison via simulation for disturbance 
rejection on section A of the shaft 
In all cases the controllers are able to reject the disturbances 
by leading all suspended section to maintain the operating 
point position. Figures 13 and 14 show the reference’s 
tracking simulations. The input signals to analyze the 
behavior are the same of the disturbance rejection one but 
in this case the position of each suspended section must 
follow the input signals because the system must be able to 
adapt itself at every desired condition required by the user. 
Also in this case Sub(H∞) and µ-Synthesis have the same 
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behavior, while loop-shaping has the best response due to 
the short settling time and small overshoot. 
 
Fig. 12. Comparison via simulation for disturbance 
rejection on section B of the shaft. 
 
Fig.13. Comparison via simulation for reference tracking 
on section A for the shaft. 
5. CONCLUSIONS 
This paper shows a comparison among three different 
control systems for a suspended rotor by active magnetic 
bearings under the assumption that the rotor is rigid. 
 
 
Fig. 14. Comparison via simulation for reference tracking 
on section B of the shaft. 
The comparison shows that loop-shaping design procedure 
provides the best performance to eliminate the disturbances 
and to follow the reference’s tracking when a certain 
performance is required on position and control current. 
The present study shows that once the weighting functions 
are introduced only the loop shaping design procedure is 
able to implement the system with robust stability and 
robust performance but all three control systems are able to 
suspend the rotor for magnetic levitation. As result of this 
analysis both the µ-synthesis and Sub(H∞) controllers show 
the same dynamic behavior when the rotor is subjected to 
the injection of the current. Their dynamic behavior is 
characterized by periodic oscillation with a settling time 
higher than that of loop shaping design, which is more 
ready in the response.  
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